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Theorem 1.3?Jørgensen ?4??.  2??Möbius?? f, g  PSL (2, C)?????á f, gñ???
?? Klein????????????????
J f g f f g f g( , ) : ( ) ( ) .= − + − ≥− −tr tr2 1 14 2 1
?? 1? best possible????
?????? PSL (2, C)????? Klein????????????????????
????????????????????????????????Möbius????
????????????2???????????????????????
Theorem 1.4?Jørgensen ?4??.   PSL (2, C)???????? G? Klein????????
???????G???? 2??????? Klein??????????
Theorem 1.3??????????? f, g??????? Klein?? Jørgensen?????
Jørgensen?? Fuchs?? 2?? Klein??????? (2, 3, q)? (7 £ q £ + ¥)????
?????? Jørgensen-Kiikka ?5?????????f???????????????? 
??????7???8???9?????????????15???16?????????????
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Definition 1.1??15???16??.   G? PSL (2, C)? 2??????????
J G J f g G f g( ) : inf{ ( , ) | , }= =〈 〉
??G? Jørgensen?????
????????2??? Klein?? Jørgensen???????????????Klein
??????????????????????????
2?Schottky?? Schottky??
Definition 2.1.   g1, g2, ¼, gn  PSL (2, C)??????????G = ág1, g2, ¼, gnñ? Schottky
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C1
+, C1
−, ¼, Cn+, Cn−????????G???? Schottky??classical Schottky group?? 
???
Schottky???H3????????????????????????? Klein???
?????? Schottky??????????????????????????????
???????? Schottky???????? Schottky????????
???????????? G = ág1, ¼, gnñ????????????? PSL (2, C)n??
(g1, ¼, gn)???????????2? (g1, ¼, gn)? (g1¢, ¼, gn¢)?????
( , , ) ~ ( , , , . .)g g g g g g1 1
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????????? ~? PSL (2, C)n????????????????????????
???????????? Klein????? PSL (2, C)n/~??? 1??????????
?????????Schottky?????????????
Definition 2.2?Schottky space?.   ???? PSL (2, C)n/~?????n??? Schottky??
????????????????? n? Schottky????????????? Schottky
???????????????????? Schottky??????
?????????Marden??10????????????
Theorem 2.1?Marden ?10??.   ??? Schottky??? Schottky????????????
???????? Schottky???????
?? Yamamoto ?21????????? 2??? Schottky??????????????
??????????? Schottky???????????????2?????? Schottky 
?? Jørgensen????2???14?????????????????????? Schottky?
G???? J (G) > 4?????????????Sato????????????17??????
Conjecture.   2??? Schottky? G????G??????? J (G) ³ 4???????
??? Schottky?? J (G) < 4???????????????
???????????Theorem 2.1??????????????Schottky????
???????J (G) < 4??? Klein? G?????????????22????????
??? Schottky???????????? Kissing Schottky?????????????
????? Schottky???? Jørgensen?????????????????
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3?Kissing Schottky?
?? Kissing Schottky?????????????????????????? 1??
????????????????????????????????????????
????1?????????????????1??????????????????
?????????????????????Kissing Schottky???? 1??????
??????????????Kissing Schottky?????? Schottky????????
????????
Definition 3.1??12??.   g1, g2, ¼, gn  PSL (2, C)??????????G = ág1, g2, ¼, gnñ?
Kissing Schottky????????? 2????????????
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?2? {C1
+, C1
−, ¼, Cn+, Cn−}????????????????? pair????????
?? 1???????? {C1
+, C1
−, ¼, Cn+, Cn−}? 2??????
??H3????? Cˆ??????????????????Kissing Schottky???H3
?? {C1
+, C1
−, ¼, Cn+, Cn−}?????????? 2n????????????????
??? Klein??????????? 4?????2??? Kissing Schottky??????
????????
??????2??? Kissing Schottky? G = á f, gñ? 4??????????????
????? 1??????????????????????????? Cf
+ Ç Cg+ = P, 
Cg
+ Ç Cf− = Q, Cf− Ç Cg− = R, Cg− Ç Cf+ = S?????
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f (Q) = P,   f (R) = S,   g (R) = Q,   g (S) = P
???????????????????4????? G??????????????
? G??????????1?? puncture?????????????Kissing Schottky?
?????? 1????????????????????????? G-orbit????
G?????????????????G?? Fuchs????????????????
????? 1???????? S1,1?????p1(S1,1) = áX, Y ñ?X: longitude, Y: meridian?
??????????faithful?????
r: p1 (S1,1) ¾® PSL (2, C)
? r (X), r (Y )?????r (XYX −1Y −1)??????????????r (p1(S1,1))? Kissing 
Schottky?????? Fuchs??????6?? Appendix?????????????1??
?????????? Kissing Schottky?????????????????quasi-fuchsian 
punctured torus group?????
??????????? f g f −1g−1????? P????????????????
Möbius?????????????????????????
Lemma 3.1.   2??Möbius?? f, g  PSL (2, C)?????Fix ( f ) Ç Fix (g) ¹ 0/????
??????????tr ( f g f −1g−1) = 2??????????
????Kissing Schottky??????????? f, g  PSL (2, C)??????Klein?
G = á f, g ñ? 1???????????? tr ( f g f −1g−1) = -2??????????G??
???????????????????G????????????????????
?? -2??????????????????????
Theorem 3.2??12??.   2??????? f, g  PSL (2, C)?????á f, g ñ???????
??????????? f g f −1g−1?????? -2??????????
Theorem 3.3.   ????? torsion free?? Fuchs????????????
??????????????20?????????? G?????????????
??? G? Jørgensen??????????????????????
Proposition 3.4?Greenberg ?3??.   ????????? Klein????????????
translation length?????????????????
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??????G??????? translation length?????????????????
????? h  G? PSL (2, C)???????
l
l l
h
h
h
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


 >(| | )
??????????????????????????? h? translation length????
???????????????????? h???????? h? translation length 
l (h)?
l (h) = 2 log |lh |
??????????
tr (h) = lh + lh−1
???arg lh = q????
tr( ) cosh ( ) .h l h i= +




2 q
?????????????
Proposition 3.5.   ??? r > 0????????? torsion free? Klein? G < PSL (2, C)?
????G??? translation length? r??????????????????????
????????
????????????? Shalen ?19?????????? 1????????? G?? 
1??????????????? Jørgensen?? 4????????????? G??
????????????????????
G????????1?????????????????????????????
????f g f −1g−1???????????? f g f −1g−1???????????????? 
?????????G? f g f −1g−1?????????????????????????
??????????????? G-orbit? 1? 1??????????????? 1?
?????????????????????????Lemma 1.2??????????
????????????
Lemma 3.6.   G < PSL (2, R)? Fuchs?? torsion free????¥? stabilizer G¥????
?? g =( )1 10 1 ???????U := {z Î H2 ; Áz > 1}? G¥????????????
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g (U ) = U  (g Î G¥),
g (U ) Ç U = 0/  (g Î G \ G¥).
??????? Fuchs????????????? horocycle???????? G-??
??????
????? x???? G-??????????????x?????cusped?????
??????????????? x??????????cusped region???????? 
????????????? G = á f, g ñ?????Kissing Schottky??????????
?????????? f g f −1g−1????????????? 1????????????
? 1? 1?????????????G??????????????????????
?????J (G) = 4??? 1???????????????????????????
Definition 3.2.   ????????? G < PSL (2, C)????? function group???????
G?????? W(G)? G-??????? D??????????? D? G?????
???????? D????????? (G, D)??????? D???????????
G? b-??b-group?????
??? (G, D)?????D/G?????????????????????????
??? Fuchs?? b-?????????????????
Lemma 3.7.   (G, D)?????? b-?????¶D ¹ 0/??? ¶D = L(G).
Proof.   ¶D Ç W(G) ¹ 0/?????D??????? W(G)??????????????
??????¶D Ì L(G)????G??????? w? w?????????? h???
?? z  D??????????? {hn(z)n  Z}? n ® +¥???? n ® -¥? w???
???????????? w Ï D???? w  ¶D??????G??????????
?? L0(G)? ¶D????????? Λ Λ( ) ( )G G= 0 ??? ¶D? Cˆ????????
L(G) Ì ¶D???? ¶D = L(G)???? ?q.e.d?
Definition 3.3.   (G, D), (G~, D~ )???????????f : D ¾® D~ ???????????
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??? g  G? f ° g ° f
−1: D~  ¾® D~  ? G~????Möbius?????????????????
??????
f* : G ¾® G
~,   f* (g) = f ° g ° f
−1
??????????? f*? f??????????induced isomorphism by f ?????
?????????????????????????????Möbius??????
??????? Fuchs??????????????????????????????
????????
Definition 3.4.   (G, D)????????g  G? APT??????????accidental par-
abolic transformation???????????? (G~, D~ )???????????? f : D ® 
D~ ???????? f* : G ® G
~
???? f* (g)?????????????
APT????20?? p.87?????APT?????????????????
Lemma 3.8.   ??? (G, D)?????? p  G??????? D/G?????????
? APT????
Proof.   ????? p????? D/G????????? f : D ® D~ ??????? 
(G~, D~ )???????D~ /G~???? f* ( p)???????????????? f* (p)?
translation length? 0??????f* (p)????????????? p? APT????
?q.e.d.?
??? Lemma 3.8???????
Lemma 3.9.   G = á f, g ñ < PSL (2, C)???????????????????G? APT?
???????? f g f −1g−1??????????
Proof.   p  G? APT???????????????? F??????? (G~, D~ )???
??? F* (p)????????????? F* (p)? translation length? 0????F* (p) ¹ 
id?? F* (p)???????? puncture????????????? p????????
??????????????? ?q.e.d.?
??????Jørgensen?? 4??????????????????????????
?????? 1?????????? APT?????????????????????
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Lemma 3.8?????????????
Lemma 3.10.   Fuchs?? APT??????
???????????
Proposition 3.11.   (G, D)? torsion free?????? b-??g  G???????????
???? f : D ¾® H2???????????????????????????g  G?
APT??????????????f????? f*???? f* (g)?????????? 
???
Proof.   f* (g)????????f* (g)  f* (G)???? f* (G)? Fuchs?????Lemma 3.10
?? f* ( g)? APT???????? g? APT???????f* (g)??????????
? g? APT???? ?q.e.d.?
????? APT??Möbius??????????????
Definition 3.5.   (G, D)? torsion free, ????? b-??g  G? APT?f : D ¾® H2???
???????Proposition 3.11?? f* ( g)?????????D???? Ag? APT g??
???????? f (Ag)? f* (g)???????????????????????
?????????????????
Theorem 3.12??11??.   ? Fuchs?? APT??????
Proof.   G?? Fuchs??G? 2??????????? D1, D2???????????
?? ¶D1 = ¶D2 = L(G)????p  G? APT?x? p????????APT p?? Ap?
x???? D1, D2?????????????? Ap Ì D1?????Ap???????
D1?????????????? U????????? Ap? p-??????U? áp ñ-
?????????????????? x???????????????? D1/G??
U/áp ñ??????????? Lemma 3.8??????????? p? APT????
?q.e.d.?
???? G????????? f g f −1g−1??????????????????????
Theorem 3.13?Y.?.   ?????????????? G < PSL (2, C)?????J (G) > 4?
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4?Markov numbers and quasi-fuchsian punctured torus groups
??? f, g  PSL (2, C)?????????
tr2 ( f ) + tr2 (g) + tr2 ( f g) = tr ( f ) tr (g) tr ( f g) + tr ( f g f −1g−1) + 2
??????????????????????f, g  PSL (2, C)????????????
????????? Theorem 3.2???
tr2 ( f ) + tr2 (g) + tr2 ( f g) = tr ( f ) tr (g) tr ( f g)
????????????????????????????????????????
Jørgensen??????????????????
Definition 4.1.   ????? 3?? (x, y, z)? Markov triple??????
x2 + y2 + z2 = xyz
??????????
???????????????
Lemma 4.1.   ?????????????? á f, g ñ < PSL (2, C)??????? 2???
??????
?1?(tr ( f ), tr (g), tr ( f g))?Markov triple????
?2?tr ( f ), tr (g), tr ( f g)?????????????
tr ( f ), tr (g), tr ( f g)  Z???? tr2 ( f ) + tr2 (g) + tr2 ( f g) = tr ( f ) tr (g) tr ( f g)???? 
tr ( f ), tr (g), tr ( f g)???????????????2?????? f, g????????
???????????????????????Markov triple???????????
???????????????????tr ( f ), tr (g), tr ( f g)???? 0??????????
Lemma 4.1????????????????? G = á f, g ñ?????tr ( f ), tr ( g), tr ( f g) 
 Z??? (tr ( f ), tr (g), tr ( f g))???Markov triple???????
????Markov triple?????????????????????????????
????????? x = y = z???Markov triple??????(x, y, z) = (3, 3, 3)????
????????????
U V=( ) = −−( )1 11 2 1 11 2,
?????
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UV UVU V= −( ) = −− −( )− −0 11 3 1 06 11 1,
???(tr (U ), tr (V ), tr (UV ))???????????
Lemma 4.2.   G = áU, V ñ???????????????????
???????????????????Markov triple (x, y, z) = (3, 3, 3)????????
?????????????????????????????Markov triple?????
????????
Theorem 4.3??18??.   ???Markov triple??(3, 3, 3)? 2?????
M1 : (x, y, z)  (z, x, y)??
M2 : (x, y, z)  (x, xy − z, y)
???????????????
?? M1, M2?????????
( f, g, f g)  ( f g, f −1, g)
( f, g, f g)  ( f, f −1g, g)
???????????? 1? 1????????????? Theorem 4.3??????
?? ( f, g)? tr ( f ), tr (g), tr ( f g)  Z??????G?????Markov triple (3, 3, 3)??
???Möbius???????????????
?????? G?????Markov triple????????????????????
?????????
Lemma 4.4.   G < PSL (2, C)????????????????????? G???? f, g 
 PSL (2, C)???? tr ( f ), tr (g), tr ( f g)  Z????G??????? (X, Y )? tr (X ), tr (Y ), 
tr (XY )  Z?????
??????????????????? G? tr ( f ), tr (g), tr ( f g)  Z??????
{ f, g}? 1???????G?????????Markov triple??????????G?
??????? J ( f, g)?????????? (tr ( f ), tr (g ), tr ( f g)) = (3, 3, 3)???????
????????????? (U, V )?????????? U, V???? J (U, V ) = 9??
???????
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Theorem 4.5?Y.?.   ?????????????? G < PSL (2, C)?????tr ( f ), tr (g), 
tr ( f g)  Z???? G???? f, g  PSL (2, C)???????J (G) = 9?
????
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